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Abstract
Building on the seminal work of Arkani-Hamed, He, Salvatori and Thomas (AHST) [1] we
explore the positive geometry encoding one loop scattering amplitude for quartic scalar inter-
actions. We define a new class of combinatorial polytopes that we call pseudo-accordiohedra
whose poset structures are associated to singularities of the one loop integrand associated to
scalar quartic interactions. Pseudo-accordiohedra parametrize a family of projective forms on
the abstract kinematic space defined by AHST and restriction of these forms to the type-D
associahedra can be associated to one-loop integrands for quartic interactions. The restriction
(of the projective form) can also be thought of as a canonical top form on certain geometric
realisations of pseudo-accordiohedra. Our work explores a large class of geometric realisations
of the type-D associahedra which include all the AHST realisations. These realisations are
based on the pseudo-triangulation model for type-D cluster algebras discovered by Ceballos
and Pilaud [2].
1
ar
X
iv
:2
00
7.
12
14
5v
1 
 [h
ep
-th
]  
23
 Ju
l 2
02
0
1 Introduction
In [3], Arkani-Hamed, Bai, He and Yun introduced the amplituhedron program to the world
of non-supersymmetric quantum field theories. In a striking development they proved that
the tree-level scattering amplitude of cubic bi-adjoint scalar theory is a canonical form on a
polytope located inside the positive region of kinematic space of Mandelstam variables. The
polytope is known as associahedron [4] and is the amplituhedron for the bi-adjoint scalar the-
ories. Some of the fundamental postulates in the S-matrix program are simply consequences
of combinatorial and geometric properties of the associahedron. The singularities of scattering
form ensured that the amplitude was local and the factorisation properties of associahedron
implied that the amplitude was unitary. These ideas have been generalised to include poly-
nomial scalar interactions [5–7] as well as (a class of) non-planar amplitudes whose poles are
associated to boundary of a polytope called permutahedron [8].
In [1], Arkani-Hamed, He, Salvatori and Thomas (AHST) brought the 1-loop scalar scattering
amplitudes within the paradigm of the amplituhedron program. (For earlier work on explor-
ing the relationship between 1-loop φ3 integrand and positive geometry, we refer the reader
to [9].) The catalyst for this development was the fact that associahedra are combinatorial
models for type-A cluster algebras. All the finite dimensional cluster algebras (classified by
the Dynkin classification [10]) are generated using clusters which can be associated to (dual
of) Feynman diagrams of φ3 theory. In particular, clusters in the type-D cluster algebras can
be labelled by triangulations of a “marked” polygon [11]. These ideas were made precise in [1]
where it was shown that the combinatorial polytope associated to type-D cluster algebra is the
“amplituhedron: for 1-loop φ3 integrand. The geometric realisation of these polytopes in an
abstract kinematic space were obtained by the intriguing structures called Causal diamonds
which mapped the problem of finding a geometric realisation into a finding solution (satisfy-
ing certain positivity property) to the wave equation on a two dimensional null lattice. The
boundary structure of type-D associahedra ensures the expected factorisation properties of
the 1-loop φ3 integrand and shows a clear relationship of the loop integrand with the forward
scattering limit of tree-level amplitudes.
In [12] along with other authors, we explored the “upgrade” of amplitude as differential forms
for φ4 interactions [5–7]. By using the results of Padrol, Palu, Pilaud and Plamondon [13],
it was shown in [12] that tree-level planar amplitudes in φ4 theory could be understood as
scattering forms in one of the two ways.
1. There is a set of unique lower forms on the kinenatic space associahedra which generate
the quartic amplitudes
2. There is a set of convex polytopes (called accordiohedra or Stokes polytope) with canon-
ical top forms which generate the amplitude.
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Although the analysis in [12] was explicitly for quartic interactions, it can be easily generalised
to φp interactions.
In this paper, we investigate these connections between 1-loop scattering amplitudes in φ4
theory on one hand and lower forms on associahedra, and polytopes in kinematic space on the
other hand to loop level integrands.
In a nutshell, we show the following.
• There exists a combinatorial polytope that we call a pseudo-accordiohedron whose facets
are in bijection with various singularities of the 1-loop integrand.We suspect that these
polytopes have been known to mathematicians in other guises [14], but the definition we
propose here appears new.
• The one-loop integrand for quartic interactions are obtained from certain lower forms
on type-D associahedra such that the poles of this lower form correspond to poles of φ4
integrand.
• There exists geometric realisation of the pseudo-accordiohedron in the abstract kinematic
space defined in [1] obtained via certain projection of the type-D associahedra.
• The lower form mentioned in point 2 is the canonical top form on these realisations
Hence both the (planar) tree-level amplitudes and one-loop integrands in φ4 theory show a
“universal” relationship with the amplituhedron of the bi-adjoint φ3 theory. In both the cases,
the desired object (amplitudes at tree-level and integrands at one loop level) are generated
by certain unique lower forms on the (type-A or type-D) associahedron. These lower forms
are simply restrictions of projective forms in kinematic space. Projectivity is a consequence of
the fact that these forms are uniquely determined by their singularity structure and a class of
combinatorial polytopes, (accordiohedron for tree-level amplitudes and pseudo-accordiohedron
for loop integrands). For planar tree level amplitudes it was shown in [12] that there is an
entire family of lower n−4
2
forms which generate an n point amplitude, such that each of these
forms is a lower form on certain geometric realisations of the associahedron. These realisations
were obtained in [13] using an algebra called gentle algebra that is determined uniquely using
triangulation of a planar polygon.
We show that precisely in the same way, there is an entire class of geometric realisation of
type-D associahedron. Just as in the case of associahedron, different realisations of a type-D
associahedron are obtained using an algebra that we refer to as colored gentle algebra. The
colored gentle algebra is determined uniquely by using pseudo-triangulation of a polygon with
an annulus inside [2]. These realisations include all the AHST type-D associahedra obtained
in [1].
We thus show that there is a beautiful synthesis between combinatorial structures related to
dissections of polygons, gentle algebras, geometric realisation of polytopes such as associahe-
dron and scattering amplitudes at tree and loop level.
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This paper is organised as follows. In section 2, we give a rather quick review of some of
the key tenets of the theory of dissection quiver and gentle algebra in the context of φ4 the-
ory. In section 3, we review a combinatorial model for type-D associahedron called pseudo-
triangulation model proposed by Ceballos and Pilaud. We use this model to generate a class
of geometric realisations of the type-D associahedra in an abstract kinematic space KLn in-
troduced in [1]. These realisations are obtained using an algebra which is a generalisation of
the gentle algebra defined in [13]. In section 5 we introduce a combinatorial polytope that we
call pseudo-accordiohedron.We show that the combinatorial and geometric realisation of the
pseudo-accordiohedron generates loop integrands in φ4 theory. We end with some remarks and
a sampling of open questions.
2 A lightening review of Associahedra and Accordiohe-
dra in Kinematic Space
In this section, we briefly review the essential ideas from [3, 5, 6, 12, 13]. We only review
the results which are central to our analysis in this paper. This review is by no means self-
contained and the interested reader should consult the cited papers (and references therein)
for more details.
We consider “planar” amplitudes in massless scalar field theories with φ3 or φ4 interactions.1
Planar amplitudes should be thought of as scattering amplitudes where the order of scattering
particles placed on the boundary of a disc is fixed once and for all. These amplitudes are
basis of scattering amplitudes in theories with color (such as bi-adjoint φ3 theory) but for the
purpose of our paper, we suppress color indices and just refer to them as planar amplitudes.
The basic arena in which n-point planar scattering amplitudes live is known as planar
kinematic space Kn. This space is n(n−3)2 dimensional.2 A nice choice of basis in this space is
provided by planar kinematic variables defined as
Xij = (pi + . . . , + pj−1)2 (2.1)
∀ 1 ≤ i ≤ j − 1 ≤ n. All the Mandelstam invariants can be expressed in terms of Xij via
sij = Xij + Xi+1,j+1 − Xij+1 − Xi+1j (2.2)
We note that if we consider a planar polygon with vertices labelled as 1, . . . , n in clockwise
fashion, then the planar scattering variables are labelled by chords ij that dissect the polygon.
1For generic scalar interactions, we refer the reader to [6, 7].
2We assume here that we are in arbitrary number of dimensions larger then n, so that complicated constraints
imposed by Gram determinant conditions do not complicate matters.
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Arkani-Hamed, Bai, He and Yun (ABHY) discovered a large class of geometric realisations
of the associahedron in the positive region of planar kinematic space Kn. It was shown in [15]
that the ABHY realisations are polytopal realisations corresponding to certain g-vector fans of
type-A cluster algebra. In [13], it was shown that there is a larger class of geometric realisations
of an associahedron which include ABHY realisations. In practice, it was shown that given
any triangulation T of an n-gon, the following system of linear constraints generate a class of
realisations which include ABHY realisations.
sij = − cij ∀ (ij) /∈ T c (2.3)
where T c is the triangulation of the n-gon obtained by rotating each diagonal in T counter-
clockwise by 2pi
n
3.
On the other hand, as was shown in [3], there is a unique canonical form of rank n− 3 on the
kinematic space Kn which is projective.
Ωn =
∑
T
(−1)σ(T,T0)
∧
(ij) ∈ T d lnXij (2.4)
where σ(T, T0) = ±1 depending on the number of mutations (modulo two) required to reach
T from T 0. The choice of T 0 is arbitrary and the form Ωn is independent of such a reference.
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It was shown in [3] that this form projects to the canonical top form on the (any) realisation
of the associahedron and this canonical form is precisely the planar amplitude in massless φ3
theory.
Ωn|ATn = mn(p1, . . . , pn)
∧
(ij)∈T
dXij (2.5)
Using the results of [5–7] and especially [13], in [12] we showed the following two results.
1. Pull-back of the unique (n − 3) planar scattering form Ωn on ATn for any reference
triangulation T is the canonical form on the kinematic space associahedron, ATn .
2. The restriction of the n−4
2
planar scattering forms ΩQn (parametrized by Q) on ATn is given
by mQn
∧
ikjk∈Q dXikjk
Both of these results were proved in [12], but involved a rather involved set of arguments
from [13]. In lieu of reviewing earlier results, we give simpler proofs for both of these statements.
Claim: On any geometric realisation of the associahedron ATn in K+n , the pull back of the
scattering form equals the canonical form on An. That is, if T = {i1j1, . . . , injn } then
Ωn|AT = mn(p1, . . . , pn)
∧
imjm∈T
dXimjm (2.6)
3In the n = 5 case, if T = (13, 35) then T c = (25, 24). Here cij are positive constants and as the number
of (ij) ∈ T c are n− 3, the number of constraints we have in (2.3) are n(n−3)2 − (n− 3) = (n−3)(n−2)2 .
4The overall sign is unimportant,and the final amplitude is independent of this sign.
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where mn(p1, . . . , pn) is the (planar) φ
3 amplitude.
The proof is simply a generalisation of the proof given in [3] which was for the specific case
when T = {13, . . . , 1(n− 1) } or cyclic permutations thereof.
Proof: Let T be a reference triangulation labelled by the diagonals { i1j1, . . . , injn }. As every
triangulation is related to T by an even or an odd number of flips, it suffices for us to show
that any two triangulations, say T ′ and T ′′ which are related by one flip between say (ij) and
(k`) with i < k < j < ` < i, then
dXij ∧ dΩT ′\(ij) = − dXkl ∧ dΩT ′′\(kl) (2.7)
This can be shown as follows. As (ij) and (k`) are intersecting diagonals of a polygon, where
the cyclic order of the vertices is given by i < k < j < ` < i we have,
Xij +Xk` −Xi` −Xkj = −
k−1∑
p=i
`−1∑
q=j
spq (2.8)
Xij +Xk` −X`j −Xik = −
i−1∑
p=`
j−1∑
q=k
spq. (2.9)
The vertices i, k, j, ` divide the vertices of the polygon in four sets, viz. Vi,k = {i+1, i+2, . . . , k},
Vk,j = {k + 1, k + 2, . . . , j}, Vj,` = {j + 1, j + 2, . . . , `} and V`,i = {` + 1, ` + 2, . . . , i}. Any
diagonal with one end point in Vi,k and other end point in Vj,` intersects all the diagonals with
one end point in Vk,j and other end point in V`,i. Therefore, any triangulation either doesn’t
have diagonals with one end point in Vi,k and other end point in Vj,` or it doesn’t have diagonals
with one end point in Vk,j and other end point in V`,i. Suppose, the reference triangulation T
doesn’t have any diagonals with one end point in Vi,k and other end point in Vj,` then using
sij = − cij ∀ (ij) /∈ T c (2.10)
we can verify that,
Xij +Xk` −Xi` −Xkj =
k−1∑
p=i
`−1∑
q=j
cpq, (2.11)
Which implies
dXij + dXk` = dXi` + dXkj. (2.12)
On the other hand if the reference triangulation T does not have any diagonal with one end
point in Vk,j and other end point in V`,i, then
Xij +Xk` −X`j −Xik =
i−1∑
p=`
j−1∑
q=k
cpq. (2.13)
Which implies
dXij + dXk` = dX`j + dXik. (2.14)
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As T ′ and T ′′ only differ by one flip, (i`), (kj) (`j), (ik) are either in T ′ \ (ij) = T ′′ \ (kl) or
are in the edge set of the polygon. Using either eqn. (2.12) or eqn.(2.14), the proof follows. 
We now prove the second claim which equates planar tree-level amplitudes in φ4 theory with
a linear combination of lower forms on the associahedra ATn .
Claim: Let Q be a quadrangulation of an n-gon (where n is even) and let T be any triangulation
such that Q ⊂ T . Then,
ΩQn |ATn = mQn (p1, . . . , pn)
∧
(ij)∈Q
dXij (2.15)
Proof: As the Q-compatible scattering form is defined as,
ΩQn =
∑
Q′←Q
(−1)σ(Q,Q′)
∧
(mn)∈Q′
d lnXmn (2.16)
This amounts to showing that for any T ⊃ Q and Q-compatible quadrangulation Q′∧
(mn)∈Q′
dXmn|ATn = (−1)σ(Q,Q
′)
∧
(ij)∈Q
dXij|ATn (2.17)
Now as Q′ can be reached from Q by a finite number of (Q-compatible) mutations, eqn.(2.17) is
equivalent to showing that for any Q-compatible quadrangulation Q1 that differs from another
Q-compatible quadrangulation Q2 by a single mutation, (ij) → (k`)
dXij
∧
(mn)∈Q1\(ij)
dXmn = −dXkl
∧
(mn)∈Q2\(k`)
dXmn (2.18)
That this is true follows from application of Eqn.(2.13) and by meditating over the proof of the
lemma (1.2) in [16]. That is, consider a hexagon cell H in the polygon made out of diagonals
in Q − (ij) and the external edges such that (ij) dissects H into two quadrilaterals. Let the
(clockwise and cyclic) labelling of the vertices is { a0, b0, a1, b1, a2, b2 } where four of these
vertices are i < k < j < ` with (ij) and k` being two compatible diagonals. Without loss
of generality we can assume that i = b2, k = a0, j = a1, ` = b1. As Chapoton argues in [16],
if (i, j) and (k, l) are compatible with the quadrangulation Q then no diagonal of Q have one
vertex in Vk,j = {k+ 1, k+ 2, . . . , j} and other vertex in V`,i = {`+ 1, `+ 2, . . . , i}. The second
of the two equations in eqn.(2.8) is satisfied. That is,
Xij +Xk` −X`j −Xik = −
i−1∑
p=`
j−1∑
q=k
spq
where X`j and Xik either belong to Q or are external edges of the polygon. However if T is
any triangulation that contains Q, then
smn = − cmn ∀ (m,n) ∈ ([l, i− 1], [k, j − 1]) (2.19)
Hence using eqns. (2.19), (2.8), the proof follows. 
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3 Pseudo-triangulation Model for Type-D associahedron
As AHST have shown, the positive geometry for one loop integrand in bi-adjoint φ3 theory is a
geometric realisation of type-D associahedra which are related to type-D cluster algebras [10].
There exists many combinatorial models for type-D associahedra including the one proposed
by Fomin and Zelevinsky which was based on so-called tagged triangulations of a punctured
polygon. In this paper, we use a different combinatorial model for the type-D associahedra
which was proposed by Ceballos and Pilaud in [2].5
In this section we briefly review the Ceballos-Pilaud pseudo-triangulation model for type-D
polytopes from [2]. We consider a regular convex 2n-gon together with a disc at the center of
the 2n-gon, whose radius is small enough such that only the long diagonals (diagonals between
antipodal points) of the 2n-gon intersect the disc. For concreteness, let’s consider the 2n-gon
given by the set of points {ie−ipi j−1n |1 ≤ j ≤ 2n}. We label the points ie−ipi j−1n with 1 ≤ j ≤ n
by j and the points −ie−ipi j−1n with 1 ≤ j ≤ n by j¯. At the center of this 2n-gon we consider a
small disc whose diameter is one-third of the side of the 2n-gon (that is 2
3
sin( pi
2n
)). A Pseudo-
triangulation of the 2n-gon with a disc is it’s dissection by chords of two type such that each
cell is a pseudo triangle.6
• all the diagonals of the 2n-gon, except the diagonals between antipodal points, we call
these chords linear chords,
• segments tangent to the disc with one end point on the boundary of the disc and one
end-point among the vertices of the 2n-gon, we call these chords central chords.
For each vertex of the 2n-gon there are two segments tangent to the disc with one end point
at that vertex. We denote by jL (resp. jR) the chord emanating from the vertex j and tangent
on the left (resp. right) of the disc.
A centrally symmetric pseudo-triangulation of 2n-gon is a centrally symmetric maximal
crossing-free set of chords of the 2n-gon. Each pseudo-triangulation contains n centrally sym-
metric pairs of chords. Some examples of pseudo-triangulations are given in figure 1. This
forms a combinatorial model for type-D associahedra as was shown in [2]. In order to describe
this model, we need the notion of mutation. [2]
Just as in the case of triangulations of a planar polygon, there exists an involution on set
of pseudo-triangulations called mutation. Mutation can essentially be understood as follows.
Given a pseudo-triangulation T , we consider a pseudo-quadrilateral formed by two cells that
are adjacent to each other. The flip of the “diagonal” of this pseudo-quadrilateral is an example
5We believe that all our results are independent of the choice of the combinatorial model but our definition
of pseudo-accordiohedra in section 5 is perhaps simpler to state in this model.
6A Pseudo-triangle is a polygon with precisely three convex corners
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(a) {1L, 1¯L}, {2L, 2¯L}, {12¯, 1¯2} (b) {1L, 1¯L}, {1R, 1¯R}, {13, 1¯3¯}, {14, 1¯4¯}
Figure 1: Examples of pseudo-triangulations.
of a single mutation of T in T ′. All the pseudo-triangulations of T can be obtained starting
from any T0 by a finite sequence of mutations.
(a) {ij, i¯j¯} ↔ {k`, k¯ ¯`} (b) {ij¯, i¯j} ↔ {jk, j¯k¯}
(c) {iR, i¯R} ↔ {iL, i¯L} (d) {kR, k¯R} ↔ {ij¯, i¯j}
Figure 2: Different kinds of mutations.
We can now summarise the structure of the type-D associahedra as follows.
• The set of centrally symmetric pseudo-triangulations of 2n-gon are in bijection with the
vertices of type-D associahedra.
• The set of partial pseudo-triangulations with n − r centrally symmetric pairs of chords
gives the set of r dimensional faces of type-D associahedra. 7
We will also classify the pseudo-triangulations as follows. This classification is not preserved
under mutation but it will serve an important role for us in section 4.1.
7More precisely, as was shown by Ceballos and Pilaud, Pseudo-triangulation model is a combinatorial model
for the type-D cluster algebra due to the mutation which maps one pseudo-triangulation to a distinct pseudo-
triangulation which corresponds to flips which map one seed in type-D cluster algebra.
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(1) Any pseudo-triangulation which contains precisely two central chords from i to i˜ which are
tangential to left and right of the annulus will be called type-1 pseudotriangulations or T1.
(2) A pseudo-triangulation which has no linear chord (and resembles spokes of a wheel) will
be called type-2 pseudo triangulation, T2.
3.1 Scattering Forms in the Kinematic Space for 1-loop Integrands
In this section we review the construction of Kinematic space KLn for 1-loop integrands and
review the construction of a unique scattering form obtained by demanding that it is odd under
action of mutation.
For n-point tree-level scattering of massless particles the kinematic space Kn is the n(n−3)2
dimensional space of Mandelstam variables {sij = 2pi · pj} [3]. It is convenient to consider
planar variables Xij = (
∑j−1
k=i pk)
2 which form a basis of the kinematic space.
sij = Xij+1 +Xi+1j −Xij −Xi+1j+1. (3.20)
Kinematic space KLn for 1-loop integrands is an abstract n2 dimensional space spanned by
the variables,
(a) Xi,j 1 ≤ i < j ≤ n, which are the planar variables spanning Kn.
(b) Xij = Xij
(c) and Yi, and Y˜i.
1. We emphasise that the Xij variables do not have an a-priori physical interpretation and
should be thought of as abstract variables co-ordinatising an (abstract) kinematic space.
But in the final analysis when we obtain a loop integrand, these variables can be equated
with Xij = Xij = (pj + . . . + pn + p1 + . . . + pi−1)
2.
2. 2n Y -type variables are associated to propagators along the loop [1], the loop propagator
occurring just before external leg i is denoted by Yi or Y˜i.
These variables are associated with the pairs of centrally symmetric chords of 2n-gon with a
small disc at center from the Ceballos-Pilaud pseudo-triangulation model.
• Xij = Xji = Xi¯j¯ = Xj¯i¯ with 1 ≤ i, j ≤ n is associated the pair {ij, i¯j¯}.
• Xij¯ = Xji¯ = Xi¯j = Xj¯i with 1 ≤ i, j ≤ n is associated the pair {ij¯, i¯j}.
• Yi = Yi¯ with 1 ≤ i, j ≤ n is associated the pair {iL, i¯L}.
• Y˜i = Y˜i¯ with 1 ≤ i, j ≤ n is associated the pair {iR, i¯R}.
Just as in the case of planar scattering form in Kn, we can now use the mutations over pseudo-
triangulations to write a n form in the kinematic space KLn which is projective [1]. The
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unique scattering form in the kinematic space KLn is defined precisely as in the case of planar
scattering form associated to tree-level amplitudes .
ωn =
∑
Tn
(−1)σTn
n∧
I=1
d lnXiIjI (3.21)
In the next section we will argue that this form descends to the canonical form on any geometric
realisation of the type-D associahedra in (the positive region of) KLn eventually leading to
1-loop integrand for planar φ3 amplitude.
4 Geometric Realisations of Type-D Associahedron
As we reviewed in section 2, all geometric realisations of associahedra can be understood from
the gentle algebras associated to dissection quiver QT . The entire class of realisations are
relevant for realising the scattering amplitude for planar φ4 interactions as lower forms on AT .
Motivated by this idea, we propose a class of geometric realisation of type-D associahedra which
are analogous to the geometric realisation of associahedra derived in [13]. In order to motivate
this proposal, we first define the “Mandelstam invariants” associated to 1-loop integrands. We
will denote these variables as sij.
−sij = Xij + Xi+1j+1 − Xij+1 −Xi+1j 1 ≤ i < j ≤ n andn− 1 > j − i ≥ 2,
−sij¯ = Xij¯ +Xi+1j+1 −Xij+1 −Xi+1j 1 ≤ i, j ≤ n− 1, |j − i| ≥ 2,
−sii+1 = Xii+1 +Xi+1i+2 −Xii+2 − Yi+1 − Y˜i+1 1 ≤ i ≤ n,
−siL = Yi + Y˜i+1 − Xii+1 1 ≤ i ≤ n,
−siL = Y˜i + Yi+1 − Xii+1 1 ≤ i ≤ n.
(4.22)
The third equation in the above system of equations include i = n, that is,
−sn1 = X1n + X1¯2 − X2n − Y1 − Y˜1 = cn1 (4.23)
We now define the “counter-clockwise cousin” T c of T . For this purpose it is useful to define the
left and the right side of the annulus as two “vertices” which form a closed configuration under
translation by one unit : That is, aL − 1 = aR, aR − 1 = aL. Given a centrally symmetric
pseudo-triangulation T , T c is generated via following operations.
(i, j) → (i− 1, j − 1)∀ (i, j) ∈ {1, . . . , n, 1˜, . . . , n˜ }
(i, aR) → (i− 1, aL)∀ 1 ≤ i ≤ n
(i, aL) → (i− 1, aR) ∀ 1 ≤ i ≤ n
(4.24)
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We now claim the following.
Claim: Given any centrally symmetric pseudo triangulation T , a polytopal realisation of
the type-D associahedra in the non-negative region of KLn is given by a family of linear
constraints,
sij = − cij ∀ (ij) /∈ T c (4.25)
In the next section we will try to derive the above constraints (which could be thought
of as a “physicist’s proof”). Our derivation is based on the analysis in [13] where a large
class of polytopal realisations of associahedra (which included ABHY associahedra) was given
using gentle algebra associated to the dissection quiver. But in this section, we elaborate on
these constraints in terms of co-ordinates spanning KLn, and show that they include all the
geometric realisations defined in [1]. These constraints can essentially be classified into three
types.
sij = −cij for |i− j| 6= 1 or n, (4.26)
siL = −ciL and siR = −ciR (4.27)
The constraints in equation (4.26) are associated with the centrally symmetric pair of linear
chords (equivalently tree variables) as follows
sij = −cij for |i− j| 6= 1 or n → {i+ 1j + 1, i+ 1j + 1} ∼ Xi+1j+1. (4.28)
The constraints in equation (4.26) are associated with the centrally symmetric pair of central
chords as follows,
siL = −ciL → {i+ 1R, i¯+ 1R} ∼ Y˜i+1,
siR = −ciR → {i+ 1L, i¯+ 1L} ∼ Yi+1. (4.29)
To get the geometric realisation of type D associahedra associated with the pseudo-triangulation
T we drop the constraints associated with diagonals of T and consider all remaining constraints.
We denote this geometric realisation by DT . For example, given reference pseudo-triangulation
({1L, 1¯L}, {2L, 2¯L}, {12¯, 1¯2}) of a hexagon we drop the following three constraints
c3R = −s3R = Y˜3 + Y1 −X13 (4.30)
c1R = −s1R = Y˜1 + Y2 −X12¯ (4.31)
c13 = −s13 = X13 +X12 − Y1 − Y˜1. (4.32)
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The geometric realisation is given by Xij, Yi, Y˜i ≥ 0 and the following six constraints,
c2R = −s2R = Y˜2 + Y3 −X23¯ (4.33)
c1L = −s1L = Y1 + Y˜2 −X12¯ (4.34)
c2L = −s2L = Y2 + Y˜3 −X33¯ (4.35)
c3L = −s3L = Y3 + Y˜1 −X13 (4.36)
c12¯ = −s12¯ = X12¯ +X23 − Y2 − Y˜2 (4.37)
c23¯ = −s23¯ = X23¯ +X13 − Y3 − Y˜3. (4.38)
Several remarks are in order.
• Just as in the case of associahedron, our proposal for geometric realisation of type D
polytopes includes the geometric realisation obtained from causal diamonds [1]. That is,
whenever T can be thought of as specifying “initial data” on a null slice, the geometric
realisation we obtain precisely matches with the one defined in [1].
• In section 2, we reviewed how the geometric realisations of associahedra obtained via
sij = − cij ∀T /∈ T c included the ABHY associahedra. In the same vein, the geomet-
ric realisations defined in claim-1 for type-D associahedra are defined for any pseudo-
triangulation and we suspect that they include those realisations that come from starting
with acyclic seeds in type-D cluster algebra. [1, 10]
We now review the construction of 1-loop integrand for planar φ3 amplitude using the canonical
top form on DT . As an illustrative example which is distinct from the ones given in [1], we
consider T = ({1L, 1¯L}, {2L, 2¯L}, {3L3¯L}). The projective form on KL3 as defined in eq.(3.21)
can be explicitly written as,
ωn=3 =
d lnY1 ∧ d lnY2 ∧ d lnY3 + d ln Y˜1 ∧ d ln Y˜2 ∧ d ln Y˜3
+ d lnX23¯ [ d lnY2 ∧ d ln Y˜2 − d lnY3 ∧ d ln Y˜3 − d lnY2 ∧ d lnY3 − d ln Y˜2 ∧ d ln Y˜3 ]
+ d lnX21¯[ d lnY1 ∧ d ln Y˜1 − d lnY2 ∧ d ln Y˜2 − d lnY1 ∧ d lnY2 − d ln Y˜1 ∧ d ln Y˜2 ]
+ d lnX13 [ d lnY2 ∧ d ln Y˜2 − d lnY3 ∧ d ln Y˜3 − d lnY2 ∧ d lnY3 − d ln Y˜2 ∧ d ln Y˜3 ]
(4.39)
The geometric realisation associated with the reference T = ({1L, 1¯L}, {2L, 2¯L}, {3L3¯L}) is
given by Xij, Yi, Y˜i > 0 and the following set of constraints,
c1L = Y1 + Y˜2 −X12¯ c12¯ = X12¯ +X23 − Y2 − Y˜2
c2L = Y2 + Y˜3 −X33¯ c23¯ = X23¯ +X13 − Y3 − Y˜3
c3L = Y3 + Y˜1 −X13 c13 = X13 +X12 − Y1 − Y˜1. (4.40)
This geometric realisation is given in figure 3
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Y1
Y2
Y3
Y˜1
Y˜2
Y˜3
X12¯
X13
X23¯
Figure 3: Geometric realisation of Type-D associahedra associated with the reference
({1L, 1¯L}, {2L, 2¯L}, {3L3¯L})
We can use eqn. (4.40) to project ωn=3 on DT and obtain the canonical top form on the
DT
ωn=3|DT = m1-loop3 dY1 ∧ dY2 ∧ dY3 (4.41)
where
m1-loop3 =
1
Y1Y2Y3
+ 1
Y˜1Y˜2Y˜3
+
∑3
i=1 { 1Xi,i+2YiYi+2 + 1Xi,i+2Y˜iY˜i+2 +
1
Xi,i+2YiY˜i
+ 1
Xi,i+2Yi+2Y˜i+2
}
(4.42)
We now state the general result.
Claim: The pull-back of the kinematic form ωn on DTn is,
ωn|Dn = m1-loopn ∧(ij)∈T dXij (4.43)
Proof: The proof is precisely analogous to the proof in section 2 and we do not repeat it
here. This is due to the fact that the geometric realisations of associahedra in K+n and type-D
polytopes in KL+n are obtained via sij = − cij ∀ (ij) /∈ T c for T being a triangulation or
a pseudo-triangulation respectively. Thus the proof of the above claim simply amounts to
changing the range of i and j from vertex set of a polygon to a vertex set of a doubled polygon
with a marked annulus. 8 
As was argued in [1], the canonical form on D3 has all the singularities of the 1-loop integrand
8Hence the only caveat to be kept in mind is that the telescopic sum
∑
p,q sp,q will involve vertex set that
may include 0L, 0R. However this introduces no additional complications in this proof.
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but it counts those poles which are not related to the tadpole diagrams twice. This is due to
the centrally symmetric terms in eqn. (4.42). Hence it is not immediately clear as to how one
can use this canonical form to write the loop integrand for φ3 amplitudes.
It was also beautifully shown in [1] that if we start with the doubled quiver
(e.g. { (1L, 1¯L), (1R, 1¯R), 21¯ }) then the corresponding geometric realisation has a symmetry
under Yi ↔ Y˜i. That is, one could consistently impose the constraint Yi − Y˜i = Y0 and
dissect the polytope in two halves separated by Y0 = 0 plane. The resulting half polytope
obtained by considering Y0 ≥ 0 plane was called a Dn polytope and captured the singularities
of the 1-loop integrand faithfully. As the eqns. (4.40) are not symmetric under Yi ↔ Y˜i,
an analogous “split” of the polytope into two halves which separates singularities and their
centrally symmetric avatars is not possible in this case. Hence a “reduction” to the Dn polytope
for any geometric realisation apart from the one where the reference pseudo-triangulation is
associated to the degenerate quiver is not known. We leave this as an interesting open question
for future investigation. Fortunately, in the case of quartic interactions, we will only require
access to the Dn polytopes.
4.1 From Pseudo-triangulation to Gentle Algebra
In this section we attempt to derive the constraints in eqn.(4.26), (4.27) from “first principles”.
Our ideas should be thought as a natural extension of the remarkable construction of geometric
associahedra in [13] (for a “gentle” introduction to these ideas from the perspective of physicists,
we refer the reader to [12]).
That is, starting with a reference T , we consider the corresponding “doubled dissection quiver”
Q˜(T ) as defined in [2]. Rather then reviewing the definition of Q˜(T ), we illustrate it with an
example shown in figure 4.
We then consider a “color” gentle algebra which is a quotient of a colored path algebra modulo
the two-sided ideal generated by all paths of length 2, which belong to the same cell. The path
algebra is defined in the same way as in [13] but with additional degree associated to each path.
More in detail, each walk which begins and ends in i and in any vertex j is assigned a degree
{0, ±1}. Hence two paths which begin and end in a vertex and it’s centrally symmetric partner
are not necessarily isomorphic in the resulting gentle algebra. This is why we refer the algebra
as colored gentle algebra. We will argue that just as the linear relations among elements of
gentle algebra can be used to obtain all possible geometric realisations of associahedron [13],
the colored gentle algebras leads to all possible geometric realisations of type-D associahedra.
However unlike [13], we do not prove our assertion and merely give some evidence in their
favour by means of certain examples. We would like to emphasize that the literature on cluster
algebras (and their relationship with triangulations of marked surfaces) is rather vast. It is
plausible that a more precise version of our idea is already known to mathematicians. However
15
Figure 4: Quiver for the pseudo-triangulation ({1L, 1¯L}, {2L, 2¯L}, {3L, 3¯L}).
to the best of our knowledge, there has been no extension of the relationship between gentle
algebras and geometric realisations of polytopes to pseudo-dissections and ours is a “physicist”
attempt to such an extension. We first recall that a gentle algebra associated to a dissection
quiver is the quotient of the path algebra generated by the paths of the quiver modulo the
two-sided ideal generated by paths of length two which belong to the same cell. For pseudo-
triangulation of a 2n-gon with an annulus at the center, the path algebra is generated by all
the (oriented) paths that belong to the dissection quiver. However the difference from the path
algebra corresponding to dissection quiver of a polygon is that we color the paths that begin
and end in a vertex i and it’s centrally symmetric partner i¯.
The rules for the covering are as follows. To begin with, we put hollow vertices on all the
dissections in T . We then assign a degree to each dissection as follows.
• If a hollow vertex v is on a “central chord iR” (1 ≤ i ≤ n¯), then the degree of a walk w
at v is ±1 depending on whether w has a peak or dip at v.
• If a hollow vertex v is on a “central chord iL”, then the degree of a walk w at v is ±1
depending on whether w has a peak or dip at v.
• If the hollow vertex is on the full arc iLi¯L, then the degree is zero.
Degree of a walk from i to i¯ is obtained by adding the degree of all of it’s hollow vertices which
are on diagonals. Two walks from i to i¯ are inequivalent if they have even or odd degrees
respectively. The colored gentle algebra is now obtained by quotienting the path algebra
modulo the two sided ideal generated by all the paths of length two which belong to the
same cell.9 In order to obtain geometric realisation from a reference pseudo-triangulation, we
generalise the algorithm devised in [13] for planar dissections with two important distinctions.
9There is a cavaeat for T with degenerate pseudo-triangles. Namely, as each degenerate pseudo-triangle
has only one path in it’s interior, the ideal is only generated by paths of length two in all except degenerate
pseudo-triangles.
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Before stating the algorithm, we introduce an important concept called reduced degree of a
walk in Q˜(T ).
Consider an internal path p with respect to which we write a particular constraint.
• We associate to any walk from i to i a reduced degree dr(i, i¯) which is the total degree
of the walk minus the degree of the hollow vertices adjacent to p modulo 2.
For any given path, if an exchangeable pair is given by the walks w(i, i¯), w(j, j¯) then we
conjecture the following.
(1), Either dr(i, i¯), dr(j, j¯) are both zero or
(2) If dr(i, i¯) ± 1 then dr(j, j¯) = ∓ 1.
Although a proof of the above statements is missing, we have verified it in a number of examples.
We now give the set of prescription for obtaining geometric realisation of type-D associahedra
from the dissection quiver Q˜(T ).
• Given an internal path p, if paths Xij and Xij form an exchangeable pair, then we
consider the walk which is degree preserving : that is, if Xi¯i, Xjj¯ are the non-kissing
walks through p, and if dr(i, i¯) = dr(j, j¯) = 0 then Xi,j¯, Xi¯,j both form the kissing
pairs.
• But in the complimentary case, only one of Xi,j¯, Xi¯,j form a kissing walk, chosen by the
condition : Xi¯i has a peak/dip away from p on a central chord, and Xjj¯ has a dip/peak
away from p on another central chord, then we choose either Xij¯ or Xi¯j or both depending
on which of these walks have di, dj.
• If a walk from i to i+ 1 circumscribes the annulus then we define it as Xii+1.
We now define a correspondence between a walk and a kinematic variable.
• The kinematic variable associated to even degree walk from i to i is, Yi + Y˜i and
• the kinematic variable associated to a positive odd degree walk is Yi and Y˜i if the degree
is negative odd.
More in detail, we assign
X+1
i¯i
= Yi andX
−1
i¯i
= Y˜i (4.44)
In appendix A, we use the color gentle algebra and the resulting constraints in several exam-
ples. Namely, for T1, T2 family of pseudo-triangulations, the colored gentle algebras generate
geometric realisations consistent with our proposal.
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5 Pseudo-accordiohedron : A Polytope from Pseudo-
quadrangulations.
In this section we introduce a new (class of) combinatorial polytopes which arise from consid-
ering pseudo-dissections of the 2n-gon with an annulus where each cell is a pseudo p-gulation
with p > 3. For concreteness we consider pseudo-quadrangulations but the definition is ap-
plicable even when p > 4. These polytopes are a natural generalisation of the accordiohedra
which are defined using arbitrary dissections of a planar polygon. We will call them (for a
lack of a better name) pseudo-accordiohedra. We do not validate the existence of pseudo-
accordiohedron by scrutinising the definition at the level of mathematical rigour, as has been
done for accordiohedron [17], but in section 5.3 ,we discover a geometric realisation of these
polytopes in the interior of type-D associahedra, thus validating the combinatorial definition
indirectly. A detailed scrutiny of these polytopes is desirable, but beyond the scope of this
paper.
We first start by reviewing the definition of accordiohedron [17].
Let Q be a quadrangulation of an n-gon such that the union of all the external edges and the
elements of Q is Q. Let Q◦ be a dual quadrangulation of the dual n-gon. We color the vertices
of the initial n-gon as solid vertices, {i• | i = 1, . . . , n} and vertices of the dual polygon as
hollow vertices {i◦ | i = 1, . . . , n}. (See figure 5) We now consider any diagonal, say i◦j◦ of
the dual polygon whose intersection with Q satisfies two conditions.
1. i◦j◦ does not enter and exit any cell of Q from non-incident sides.10
2. The intersection set of i◦j◦ with elements of Q is a connected set.
Figure 5: Quadrangulation (14, 16) of the octogon and an accordion diagonal 3◦6◦
Such a diagonal is called an accordion diagonal. We now consider set of all possible accor-
dion diagonals and separate sub-sets of mutually non-intersecting accordion diagonals, such
10Two sides of a cell are called non-incident if they do not meet in a common solid vertex.
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that each of these sub-sets is a either partial or complete quadrangulation of a dual polygon.
A set of solid diagonals is compatible with Q if each diagonal in the set is an accordion. We
call this a compatibilty condition between diagonals of the solid polygon and diagonals of the
hollow polygon. An accordiohedron polytope is a combinatorial polytope whose vertices are in
bijection with the subsets corresponding to complete quadrangulations and whose co-dimension
k facets is in 1-1 correspondence with subsets corresponding to k partial quadrangulations.
The compatibility condition which defines an accordion in the case of a planar polygon can be
used to define a “pseudo-accordion” even in the case of the 2n-gon with an annulus.
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Pseudo-Accordion and Pseudo-Accordiohedron
First definition :
We consider a “solid” 2n-gon with vertices {1•, . . . , n•, 1¯•, . . . , n¯• } and the dual “hollow”
2n-gon with vertices {1◦, . . . , n◦, 1¯◦, . . . , n¯◦ } (see figure 6 for details). Let Q be a reference
pseudo-quadrangulation of the solid 2n-gon. Q divides the 2n-gon into pseudo-quadrilaterals.
A pseudo-quadrilateral is defined as follows.
1. Any polygon with at least 4 convex corners is a pseudo-quadrilateral. Hence any reg-
ular quadrilateral is a pseudo-quadrilateral. Similarly, in the 2n-gon with annulus, e.g.
{1L, 12, 23, 3L} is a pseudo-quadrilateral.
2. A polygon with vertex configuration {(v1)L, v1v2, v2v¯1, (v¯1)L } is also defined to be a
pseudo-quadrilateral.
Figure 6: Pseudo-quadrangualtion Q = { 14, 1L, 1˜L, 1¯4¯}
Hence Q splits the 2n-gon in pseudo-quadrilaterals. We consider any two edges of a given
pseudo-quadrilateral as incident if they meet in a given vertex. We define a hollow diagonal
i◦j◦ to be compatible with Q only if,
• It does not enter and exit the same cell in Q from non-incident edges, and
• The set of chords (including the external edges) that di,j intersects inQ forms a connected
set. (see figure 7).
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Figure 7: Reference pseudo-quadrangulation Q1 = { 14, 1L, 1¯L, 1¯4¯ } and the quadrangulation
Q′ = { 1L, 3L, 1L, 3L} compatible with Q.
We note that a compatible hollow diagonal begins and ends on the external edges of the
solid polygon. We will also distinguish between two hollow diagonals which are tangent to
the annulus at anti-podal positions. That is, we distinguish between (v◦L, v¯
◦
R) from (v
◦
R, v¯
◦
L).
First point of the above definition requires some clarification. Let us consider an example of
pseudo-quadrangulation for an 8-gon.
Q1 = { 14, 1L, 1¯L, 1¯4¯ } (5.45)
Following are some of the non-trivial examples of compatible hollow diagonals.
Compatible = {(1◦L, 1¯◦L), (3◦L, 3¯◦L) } (5.46)
(1◦L, 1¯
◦
L) and (3
◦
L, 3¯
◦
L) can be thought of as entering and exiting the quadrilateral [14, 1L, 1¯L]
from 14 and 1L respectively.
Some examples of incompatible hollow diagonals are
Incompatible = {(1◦R, 1¯◦R), (4◦L, 4¯◦L) } (5.47)
(1◦R, 1¯
◦
R) enters and exists from 14 and 1¯L respectively. (4
◦
L, 4¯
◦
L) enters and exists from 4, 1¯ and
1L respectively. For other compatible and incompatible diagonals see figure 8
We refer to a compatible hollow diagonal as a pseudo-accordion.
A pseudo-quadrangulation of the solid 2n-gon, Q′ is compatible with Q if it consists of mutu-
ally non-intersecting pseudo-accordions (see figure 7).
This definition sounds a mouthful and we now give an equivalent definition which is perhaps
easier to work with and is in fact closer to the “original” definition of the compatible quadran-
gulations given by Barshnykov [18].
Second definition :
We consider the 2n-gon with vertices {1, 2, . . . n¯, 0L, 0R }. In this vertex set, we have included
the two halves of the annulus as (abstract) vertices.
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• Given a pseudo-quadrangulation Q, consider a (pseudo-hexagon) formed by the external
edges and internal chords. As Q is a quadrangulation, the hexagon is dissected by one of
the chords, say ci,j, such that if we label the vertices of this hexagon clockwise as 1, . . . , 6,
(i, j) is either (14), (25), or, (3, 6). We can obtain a compatible pseudo-quadrangulation
by flipping c1,4 to c3,6, c3,6 to c2,5 and c2,5 to c1,4 respectively.
• If within a pseudo-quadrangulation we have a configuration where the annulus is bounded
by two parallel linear chords so as to form a square. Let the square be labelled by
external vertices, i1, j1, i¯1, j¯1. If there is a diagonal iL, i¯L inside this square, then we flip
this diagonal to jR, j¯R.
We thus say that a pseudo-quadrangulation Q′ is compatible with Q only if, diagonals in Q′
are obtained from the flips of one or more diagonals belonging to Q.
The above rules are perhaps simpler to understand as they do not refer to a polygon and it’s
dual. But they are rather specific to pseudo-quadrangulations. The definition of compatible
Q given previously is in fact applicable to any pseudo-dissections and generates a family of
combinatorial polytopes.
We end this section with a few remarks.
1. To the best of our knowledge, the combinatorial polytopes whose vertices are in 1 − 1
correspondence with pseudo-quadrangulations have not been studied in the mathematics
literature before. However in a striking paper [19], the authors define a large class
of polytopes based on dissections of a compact Riemann surface with marked points
and possble boundaries. These polytopes are referred to as accordion complex in [19].
We strongly believe that the pseudo-accordiohedra defined in this paper are accordion
complexes. However an explicit proof is required.
2. We expect that many of the remarkable properties that accordiohedra satisfies, such as
it’s pseudo-manifoldness, it’s dimensionality given by number of hollow diagonals will
continue to remain valid for pseudo-accordiohedra. However this requires a detailed
analysis far beyond the level of mathematical rigour in this paper.
3. Starting with any reference pseudo-triangulation, mutations lead to a unique type-D
associahedra. However (just as in the case of accordiohedron), this is not the case for
pseudo-quadrangulations and the polytope retains the memory of the reference (pseudo)-
dissection Q.
5.1 Projective Forms on KLn
We now use the flips of pseudo-quandrangulations to define a family of projective n
2
forms ΩnQ
on KLn. That is, if {Q1, . . . , QN(Q) } is the set of compatible pseudo-quadrangulations then
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Figure 8: Chords Compatible with the reference are in orange while chords incompatible with
the reference are in black.
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11
ΩnQ =
N(n)∑
I=1
(−1)σ(QI ,Q)
∧
k = 1
n
2 d lnXikjk (5.48)
where
σ(QI , Q) = ±1 (5.49)
depending on the number of flips required to reach QI from Q. For each Q this form is
projective,12 We explain this construction with a simple example of a 2 particle case. Four
possible pseudo-quadrangulations are,
Q21 = { 1L, 1¯L }
Q21′ = { 1R, 1¯R }
Q22 = { 2L, 2¯L }
Q22 = { 2R, 2¯R }
(5.50)
If we start with reference Q as either {1L, 1¯L } or { 1R, 1¯R } then the corresponding one dimen-
sional polytopes have vertices associated with {{1L, 1¯L}, {2R, 2¯R}} and {{1R, 1¯R}, {2L, 2¯L}}
respectively.
On KL2, it is easy to write the projective forms. For Q1 we have,
ΩQ1 = ±d ln
Y1
Y˜2
(5.51)
As slightly more involved examples, we consider n = 4 with the reference pseudo-quadrangulations
being,
Q1 = {1L, 14, 1L 1¯4¯, } Q2 = {1L, 12¯, 1L 12, } Q3 = {1L, 3L, 1L 3L, }. (5.52)
In these cases, the Pseudo-accordiohedra have the following structure (see figure 9) and the
projective 2-forms on KL(1)4 are given by
Ω4Q1 = d ln
Y1
Y˜4
∧ d ln X14
Y3
+ d ln
Y˜4
Y3
∧ d ln X34¯
Y3
Ω4Q2 = d ln
Y1
Y˜2
∧ d ln X12¯
X14
+ d ln
Y˜2
X14
∧ d ln Y˜4
X14
Ω4Q3 = d ln
Y1
X34¯
∧ d ln Y3
X12¯
+ d ln
Y˜2
X34¯
∧ d ln X12¯
Y˜4
. (5.53)
11It is an important open question to derive N(Q) as was done for the Stokes polytopes by F. Chapoton
in [16].
12This is in precise analogy with the tree-level projective scattering forms on the planar kinematic space
generated by Accordiohedra.
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(a) PAC(Q1) (b) PAC(Q2)
(c) PAC(Q3)
Figure 9: Pseudo-accordiohedra
5.2 From Projective Forms in KLn to Lower Forms on DT
In this section, we restrict the n
2
forms labelled by any pseudo-quadrangulation to one of
the (geometric realisations of) Dn to obtain a form which has simple poles only on the faces
of Dn that correspond to poles in the loop integrand of planar φ4 amplitudes. As we show
below, each such form generates a partial contribution to the loop integrand associated to
quartic interactions. A weighted sum over all the pseudo-quadrangulations finally produces
the n-point loop integrand for φ4 theory. Our main claim in this section is the following.
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Claim: Let Q be a pseudo-quadrangulation of a 2n-gon with an annulus. Let T be any
pseudo-triangulation which containts Q as a proper subset. Then, on the geometric
realisation of the type-D associahedra which is associated to T the scattering form ΩnQ
projects to,
ωnQ|DT =
 ∑
v ∈PACQ
∏ 1
Xivjv
 ∧
c∈Q
dXc (5.54)
where the sum
∑
v ∈PACQ is over all the vertices of the pseudo-accordiohedron.
Proof: Our proof goes along the same lines as the proof of claim 2. However we need to
analyse the mutations involving central chords carefully. Let’s consider an example where
pseudo-quadrangulation Q1 mutates to Q2 = Q1 \ {ij, i¯j¯} ∪ {iL, i¯L}. Suppose the flip occurs
in a hexagon whose two sides are iL and kj. Then the compatibility rules imply there are
no chords of the reference quadrangulation with one end in {i + 1, . . . , k} and other end is in
{j + 1, . . . , k}. Therefore we have
Xij + Yk −Xkj − Yi =
k−1∑
p=i
 i−1∑
q=j
cpq +
k−1∑
q=p+1
cpq + cpR
 . (5.55)
Therefore we have ∧
(ij)∈Q1
dXij = −
∧
(mn)∈Q2
dXmn. (5.56)
Similarly we can show (5.56) for other mutations as well. 
The restriction of Ω4Q1 on geometric realisation of type-D associahedra PA4T associated with
T = {1L, 1R, 14, 24, 1L, 1R1¯4¯, 2¯4¯} is given by
Ω4Q1|PA4T = m
Q1
4 =
1
X14Y1
+
1
X14Y˜4
+
1
X34¯Y˜4
+
1
X34¯Y3
+
1
Y1Y3
. (5.57)
5.3 Geometric Realisation of Pseudo-accordiohedron
In this section, we will obtain the geometric realisation of pseudo-accordiohedra with reference
Q ⊂ T by projecting the geometric realisation of type-D associahedra.
The coordinates on the n2 dimensional kinematic space KLn are the n2 kinematic variables
Xij, Yi, Y˜i. The geometric realisation DT of type-D associahedra associated with the pseudo-
triangulation T , sitting inside the kinematic space KLn is given by Xij, Yi, Y˜i > 0 and
sij = −cij ∀(ij) /∈ T c. (5.58)
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These n(n − 1) constraints (5.58) cut out a n dimensional hyper-plane KT in KLn. This n-
dimensional hyper-plane is parametrized by the kinematic variables associated with the chords
of the triangulation T . That is, given any point of KLn sitting in this space, any coordinate z
of that point can be expressed as
z =
∑
x∈T
gzxx+ cz, (5.59)
where gzx
13 and cz are some constants. Thus the kinematic variables associated with the chords
of T form a coordinate system on KT . On this hyper-plane the geometric realisation of type-D
associahedra is given by
ADT = {(x1, . . . , xn) ∈ KT |z =
∑
xi∈T
gzxixi + cz ≥ 0 ∀ kinematic variables z}. (5.60)
The geometric realisation of the pseudo-accordiohedra PAC(Q) can be given by projecting
the geometric realisation ADT on the
n
2
dimensional hyper-plane KQ spanned by the variables
x ∈ Q. Suppose P : KT → KQ is the projection map. Then
PAC(Q) = {(x1, . . . xn
2
) ∈ KQ|∃(y1, . . . , yn) such that P (y1, . . . , yn) = (x1, . . . xn
2
)}. (5.61)
Given a pseudo-quadrangulation Q which is a subset of pseudo-triangulation T , a chord z
is compatible with the reference quadrangulation Q if and only if the constants gzx appearing
in z =
∑
x∈T gzxx + cz, are zero for all x /∈ Q. Therefore on the hyper-plane the geometric
realisation of PAC(Q) is given by
PAC(Q) = {(x1, . . . xn
2
) ∈ KQ|z =
∑
xi∈Q
gzxixi + cz ≥ 0 ∀ compatible variables z}. (5.62)
Let’s look at an example with Q1 = {1L, 14, 1L 1¯4¯, } ⊂ T = {1L, 1R, 14, 24, 1L, 1R1¯4¯, 2¯4¯}.
The geometric realisation is given by the following in-equations
Y1 ≥ 0, X14 ≥ 0, Y3 = Y1 −X14 + cY3 ≥ 0, Y˜4 = −Y1 + cY˜4 ≥ 0, X34¯ = −X14 + cX34¯ ≥ 0.
(5.63)
Equivalently
0 ≤Y1 ≤ cY˜4 , 0 ≤X14 ≤ cX34¯ , X14 ≤ Y1 + cY3 . (5.64)
Where the constants cY3 , cY˜4 and cX34¯ are
cY3 = c14 + c24 + c1R + c12¯ + c2R
cY˜4 = c12¯ + c13¯ + c23¯ + c1L + c2L + c3L
cX34¯ = c14 + c1L + c1R + c12¯ + c13¯ + c24 + c21¯ + c2L + c2R + c23¯.
13gzx is the xth component of the g-vector of z.
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5.4 Factorisation Properties of Pseudo-accordiohedra
Type-D associahedra have striking factorisation properties just as associahedron. As was re-
viewed in [1], Any facet (boundary of co-dimension one) of a Dn is either a type-D associahedra
or a product of type-D associahedra and associahedra of lower dimension. The situation is anal-
ogous for pseudo-accordiohedron PACQ. That is, every facet of the pseudo-accordiohedron is
either a pseudo-accordiohedron or a direct product of a pseudo-accordiohedron with a stokes
poset. That is, we claim that, if (1) j > i and (2) SPQ′ is a Stokes polytope with reference
dissection Q′ then,
PACnQ
Xij→ 0−−−−→ SPn−(j−i)−1QL × PACj−1QR
PACnQ Yi→ 0−−−→ SPn+2Q\i∪i˜
PACnQ
Xij˜→ 0−−−−→ SP i+1+(n−j)QL × PAC
n−(j−i)
QR
(5.65)
where QL and QR are pseudo-quadrangulations to the left and the right of the diagonal
which is set to zero. We suspect that this structure is rather general and extend to pseudo
p-gulations for p > 4.
5.5 Intgrands for φ4 amplitudes
In this section, we relate the pull-back of the n
2
forms ωQn on DTn (or equivalently, the canon-
ical form associated to SQn ) to the integrands of φ4 1-loop amplitudes in a “forward limit”
representation.14
We start the n = 4 example and choose reference pseudo-quadrangulation as Q1 =
{1L, 14, 1L 1¯4¯, }.
For Q1 we can write the canonical form on S4Q1 ( defined in eqn. (5.54)) as,
ωnQ1 =
(
1
Y1
( 1
Y3
+ 1
X14
) + 1
Y˜4
( 1
X14
+ 1
X34¯
) + 1
Y3
1
X34¯
)
dY1 ∧ dX14
=: mQ14 dY1 ∧ dX14
(5.66)
We thus see that,
lim
Y1→ 0
Y1m
Q1
4 =
1
Y3
+
1
X14
(5.67)
(5.68)
14A more detailed relationship between the canonical forms on pseudo-accordiohedra and the Feynman
integrands along the lines of [1, 23] is left for the future.
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This residue is in fact a 6 point forward scattering (partial) amplitude associated to reference
quadrangulation Qt.
m
Qt = (14)
6 (1, . . . , 4,−,+) =
1
Y3
+
1
X14
(5.69)
where we identify k+ = −k− = l and hence we identify Y3 with Y3 = 2p3 · l
where m
Qt = (14)
6 (1, . . . , 4,−,+) is the tree-level scattering amplitude in the forward limit
with X3+ =: Y3. Similarly, if we choose Q2, as a reference
Q2 = {2L, 4L, 2L, 4L } (5.70)
(5.71)
then it can be easily verified that,
limY2→ 0 Y2m
Q2
4 = m
Qt = (4+)
6 (1, . . . , 1, . . . ,−,+)
m
Qt = (4+)
6 (2, . . . , 1, . . . , −, +) = 1Y4 + 1X32¯
(5.72)
This result is true in general. That is, given any reference pseudo-quadrangulation Q =
Qt ∪ iL/R, if the variable associated to the central chord is yi (yi can be Yi or Y˜i depending on
the orientation of the central chord) then,
lim
yi→0
yim
Qt ∪ iL/R
n = m
Qt
n+2(i+ 1, . . . , n, 1, −+) (5.73)
6 Primitives and Weights
Just as in the case of tree-level amplitudes for quartic interactions, a single polytope of a given
dimension does not encompass all the singularities of the n point one loop integrand. The full
integrand is obtained after summing over all possible pseudo accordiohedra of a given dimension
with each term in the sum weighted by a factor. In literature these factors are referred to
as weights and are determined by the combinatorics of the (pseudo) quadrangulations. For a
detailed discussion on the weights in generic φp> 3 theories, we refer the reader to [6,7]. Recently
it has been proved that for tree-level amplitudes, these weights are uniquely determined using
certain recursion relations [20] and have a nice relationship with BCFW recursion relations in
φ4 theory [21,22].
In this section, we derive the formula for weights associated to pseudo-accordihedra.
Upon identifying centrally symmetric points of a 2n-gon with a disc at center, a centrally
symmetric pair of chords reduces to a chord of an n-gon. Thus, there is a natural action of
dihedral group Dihn on the space of centrally symmetric pairs chords of 2n-gon. Along with
the Dihn action there is a Z2 action on the space of centrally symmetric pairs chords of 2n-gon
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which takes {iL, i¯L} to {iR, i¯R} and {iR, i¯R} to {iL, i¯L}. These Dihn and Z2 group actions induce
Dihn and Z2 group actions on the space of centrally symmetric pseudo-quadrangulations and
the space of pseudo-accordiohedra. We call the representatives of the orbits under combined
Dihn and Z2 action on the space of centrally symmetric pseudo-quadrangulations primitives.
We denote the set of all primitive pseudo-quadrangulations of 2n-gon by P4,n. The map which
takes reference pseudo-quadrangulation to its pseudo-accordiohedra is Dihn and Z2 equivariant
map. Therefore once we know the pseudo-accordiohedron associated with a primitive we know
pseudo-accordiohedra associated with all other elements of the orbit of that primitive.
Using the fact that the map which takes dissections of n-gon to accordiohedra associated
with them is Zn equivariant it was argued in [7] that the weights of accordiohedra associated
with dissections of n-gon in the orbit of Zn action are same. These arguments can be extended
to weights of pseudo-accordiohedra. Thus the weights of pseudo-accordiohedra associated
pseudo-quadrangulations of 2n-gon in the orbit of combined Dihn and Z2 action are same.
To compute weights it would be useful to define the functions δ(Di, Dj) and M(Di, Dj).
δ(Di, Dj) tells you wether the pseudo-quadrangulation Dj occurs in PAC(Di), the pseudo-
accordiohedra of Di or not. That is,
δ(Di, Dj) =
{
1 if Dj ∈ PAC(Di)
0 if Dj /∈ PAC(Di)
(6.74)
M(Di, Dj) is the number of elements from the orbit of Di occur in any pseudo-accordiohedron
of a quadrangulation in the orbit of Dj. That is,
M(Di, Dj) =
∑
Dk=σ·Di
δ(Dj, Dk). (6.75)
Where the sum is over σ in Dihn and Z2. Notice the function M(Di, Dj) is same for all pseudo-
quadrangulations from the same orbit. Thus it is a function on space of primitives. In terms
of M the equations which gives us weights is given by∑
Dj∈P4,n
|GDi |
|GDj |
M(Di, Dj)αDj = 1 ∀Di ∈ P4,n. (6.76)
Where GD is the stabilizer of D under the combined action of Dihn and Z2 and αD is the
weight of primitive D.
Let’s work out the n = 4 example. At n = 4, there are two primitives,Q1 = {14, 1L, 1¯4¯, 1L }
and Q3 = {1L, 1¯L}, {3L, 3¯L}. The sizes of stabilizers of Q1 and Q3 are |GQ1 | = 1 and |GQ3| = 4.
The values of function M are as follows
M(Q1,Q1) = 4 M(Q1,Q3) = 4
M(Q3,Q1) = 1 M(Q3,Q3) = 2. (6.77)
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Therefore, the equation for weights is,
4αQ1 + αQ3 = 1 (6.78)
4αQ1 + 2αQ3 = 1 (6.79)
Which implies αQ1 =
1
4
and αQ3 = 0. Note that the four-point amplitude with quartic
interaction is weighted sum of 20 terms, however because of the function M and equation
(6.76) we just have to analyse two pseudo-accordiohedra to deduce the weights. In general, we
just have to analyse the pseudo-accordiohedra of primitives to deduce the weight.
In general, the full amplitude is given by the weighted sum
mn =
1
2
∑
Qi∈P4,n
∑
σ
αQim
σ·Qi
n . (6.80)
Where the sum is over the orbits of primitives Qi and the overall half is to account for over
counting due to Y, Y˜ doubling. The full four-point amplitude is given by
m4 =
1
2
∑
σ
α1m
σ·Q1
4 +
1
2
∑
σ
α3m
σ·Q3
4 (6.81)
As αQ1 =
1
4
and αQ3 = 0 from (5.57) we get
m4 =
1
2
[
1
Y1X12¯
+
1
Y2X12¯
+
1
Y2X23¯
+
1
Y3X23¯
+
1
Y3X34¯
+
1
Y4X34¯
+
1
Y4X14
+
1
Y1X14
+
1
Y1Y3
+
1
Y2Y4
+ (Y → Y˜ )
]
(6.82)
In the abstract kinematic space KLn, Xij, Xij¯ i < j are independent and abstract variables.
But once we substitute the physical values for Xij, Xij¯ as
Xij = (pi + pj−1)2 ∀ 1 ≤ i ≤ n− 1
Xij¯ = (pj + . . . + pn + p1 + pi−1)2 ∀ 1 ≤ i < j − 1 ≤ n (6.83)
we can then identify the abstract loop variables with “Mandelstam variables” for loop inte-
grands and write the (stripped) integrand as,
m4 =
1
`2(`+ p1 + p2)2
+
1
(`+ p1)2(`+ p1 + p2 + p3)2
+
1
`2(p2 + p3 + p4)2
+
1
`2(p1 + p2 + p3)2
+
1
(`+ p1)2(p2 + p3 + p4)2
+
1
(`+ p1)2(p3 + p4 + p1)2
+
1
(`+ p1 + p2)2(p3 + p4 + p1)2
+
1
(`+ p1 + p2)2(p4 + p1 + p2)2
+
1
(`+ p1 + p2 + p3)2(p4 + p1 + p2)2
+
1
(`+ p1 + p2 + p3)2(p1 + p2 + p3)2
(6.84)
We note that this is a stripped integrand with no momentum conservation imposed. The
tadpole contributions need to be subtracted before impoing momentum conservation.
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7 Outlook and Open questions
The Amplituhedron program [24–26] to unearth the analytic structure of the S-matrix has
seen many remarkable strides in recent years [27, 28]. In the space of non-super symmetric
quantum field theories, with the work of Arkani-Hamed, Bai, He and Yan a clear synthesis of
ideas appear to be emerging for scalar field theories. The synthesis is based on intertwining
relationship between, various theories (classified by degree of the interaction), various polytopes
and a very specific class of algebras , namely cluster algebras for φ3 theory and the so-called
gentle algebras for generic scalar interactions.
Order Interaction Polytope Combinatorial Model Algebra
Tree Cubic Associahedra Triangulations Type-A cluster algebra
Tree Quartic Stokes Polytope Quadrangulations Gentle algebra
Tree Polynomial Accordiohedra Dissections Gentle algebra
1-Loop Cubic Type-D Associahedra Pseudo-triangulations Type-D cluster algebra
1-Loop Quartic Pseudo-accordiohedra Pseudo-quadrangulations Colored gentle algebra.
Moreover, we now understand that in a precise sense (type-A or type-D) associahedron is a
“universal” polytope for all scalar theories whose amplitudes are generated by forms of various
ranks on the associahedron. These forms are not arbitrary but are unique due to the principle
of projectivity.
In this paper, we initiated a study of one-loop integrands in massless φ4 theory as scattering
forms. One of our main results is summarised in the last row in the table above. We also
showed how the integrand can be thought of as a (weighted) sum of lower n
2
form on the n
dimensional type-D associahedra in kinematic space [1]. The weights are determined by the
combinatorics of pseudo-accordiohedra.
Many questions remain open and we list here just two of them. In addition to the singu-
larities that we expect in the integrand of φ4 scattering amplitude, the canonical form on
peudo-accordiohedra have singularities corresponding to radiative corrections to the external
legs. As we know, these singularities make the (un-stripped, that is including momentum
conserving delta function) amplitude infinite and in quantum field theories, we re-sum the ra-
diative corrections to all loops and then perform mass renormalisation. The canonical forms on
pseudo-accordiohedra should hence be thought of as integrands of the stripped amplitude and
the relationship of integrand of the un-stripped amplitude with the scattering form remains to
be investigated.15
Although we defined pseudo-accordiohedra using quadrangulation of the 2n-gon with annulus,
we suspect that these polytopes are already known in the mathematics literature as accordion
15These issues have been investigated in the context of CHY formula for one loop integrand in bi-adjoint φ3
theories recently [29]
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complexes [19]. In fact, these accordion complexes are quite general and may even be relevant
for higher loop integrands in φ4 theory. We leave investigation of these complexes for future
work.
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A Geometric Realisations of D3 and D4
We will start with n = 3 case and look at a dissection quiver associated to { 1pL1¯, 1pR1¯, 13, 1¯ 3¯ }.
With these rules in place, let us write all the independent contstraints for aforementioned
quiver.
X13 + X21¯ − X211¯ = c13
X21¯ + X23¯ − X022¯ = c13,1pL
X011¯ + X
−2
22¯
− X12¯ − X21¯ = c(13),(1¯3¯)
X033¯ + X
0
22¯ − X23¯ − X32¯ = cv(1¯pR),(1pL)
(A.85)
In the final equation both the paths X23¯ and X2¯3 are allowed by our criteria and so we consider
both of them. There are six constraints in all as, the last two constraints split in four constraints
as X0
ii
= Yi + Y˜i. One can check that these are the only six independent constraints we obtain
from this quiver.
We now look at the wheel quiver which has no chords that are not central. In this case as well,
there are precisely 6 independent constraints. These are,
Xii+1 + Xi+1i+2 − Xi+1i+1 = c1 1 ≤ i ≤ 3
X−1
i+2i+2
+ X+1
i+1i+1
= ci,i+1 1 ≤ i ≤ 3 (A.86)
where i+ 1 = i− 3.
We can now look at the wheel quiver where the reference dissection is {XiaL Xi¯,pR }. In this
case, it can be shown that the constraints are
Xii+1 + Xi+1I+2 − Xi+1i+1 = c1 1 ≤ i ≤ 3
X+1
i+2i+2
+ X−1
i+1i+1
−Xi+1i+2 = c′i,i+1 1 ≤ i ≤ 3 (A.87)
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So with our dictionary X−1
i¯i
= Y˜i and X
+1
i¯i
= Yi, We probably get expected constraints .
We finally consider a quiver associated to a “cyclic seed” where the reference dissection
is spanned by {X1pR , X13, X3pR , . . . }. In this case we get the following set of independent
constraints.
X23¯ + X12¯ − X022¯ = c23¯
X1¯3¯ + X32¯ − X033¯ = c1¯3¯
X23¯ +X3¯1¯ −X1¯2 = C
X21¯ + X13 − X011¯ = C
X011¯ + X
0
22¯ − 2X12¯ = C
(A.88)
We now consider the example of four dimensional polytope. In this case as well, we show for
that pseudo triangulations which are degenerate or of wheel type, the gentle algebra generates
the geometric realisation defined in 4.
T2 quiver
Constraints based on our rules on assigning degrees .
Xi+1 ¯i+2 + X ¯i+2 ¯i+4 − Xi+2 ¯i+2 = ci
Xi+1i+2 + Xi+2i+3 − Xi+1 ¯i+3 − X0i+2 ¯i+2 = ci,i+1 1 ≤ i ≤ 4
Yi + Yi+1 − Xi, ¯i+1 = ci¯i three constraints
X14 + X3¯4 − X13¯ − X044¯ = c1,4
(A.89)
So we get 12 constraints.
Dissection quiver of T1 : Two examples
{X13, X14X1pL1¯X1pR1¯ } The constraints we get are,
X13 + X24 − X14 = c13
X24 + X31¯ − X1¯1 = c24
X21¯ + X14 − X24 − X11¯ = c13
X24¯ + X13¯ − X23¯ = c24¯
X23¯ + X34¯ − X24¯ −X33¯ = c24¯
X11¯ + X22¯ − X12¯ − X21¯ = c11¯
X22¯ + X33¯ − X23¯ − X32¯ = c22¯
X44¯ + X33¯ − X34¯ − X43¯ = c33¯
X12¯ + X23¯ − X13¯ − X22¯ = c12¯
(A.90)
where the final constraint came from an L-shaped path which transverse lower left of the eye.
We consider reference dissection {X21¯, X31¯, Y1, Y˜1 }. We expect that the constraints we gen-
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erate from this dissection
X13 + X24 − X14 = c1
X34¯ + X14 − X13 − X044¯ = c2
X31¯ + X42¯ − X32¯ = c3
X32¯ + X43¯ − X2¯4 − X03¯3 = c4
Yi + Y˜i+1 − Xi ¯i+1 = ci¯i 1 ≤ i ≤ 3
Y˜i + Yi+1 − Xi¯i+1 = ci¯i 1 ≤ i ≤ 3
X13 + X24¯ − X34¯ = c13
X24¯ + X13 − X34¯ = c24¯
(A.91)
Final example
We consider reference dissection {X21¯, X31¯, Y1, Y˜1 Y2, Y˜2}. The set of independent constraints
that we get from the gentle algebra is
X13 + X24 − X14 = c1
X14 +X34¯ − X13 − X044¯ = c
X31¯ + X42¯ − X32¯ = c
X32¯ + X43¯ − X24¯ − X033¯ = c
X033¯ + X
0
44¯ − X34¯ − X3¯4 = c
X24¯ + X13 − X34¯ = c
X32¯ + X21¯ − X31¯ − X022¯ = c
X22¯ + X33¯ − X23¯ − X2¯3 = c
Y˜1 + Y2 −X1¯2 = c
Y˜4 + Y1 − X14 = c
(A.92)
References
[1] N. Arkani-Hamed, S. He, G. Salvatori and H. Thomas, “Causal Diamonds, Cluster Poly-
topes and Scattering Amplitudes,” [arXiv:1912.12948 [hep-th]].
[2] Ceballos, C., Pilaud, V. 2015. Cluster Algebras of Type D: Pseudotriangulations Ap-
proach. [arXiv:1504.06377 [math.AC]].
[3] N. Arkani-Hamed, Y. Bai, S. He and G. Yan, “Scattering Forms and the Posi-
tive Geometry of Kinematics, Color and the Worldsheet,” JHEP 1805 (2018) 096,
doi:10.1007/JHEP05(2018)096 arXiv:1711.09102 [hep-th] .
[4] J. Stasheff, “Homotopy Associativity of H-Spaces. I,II.” (1963) “Transactions of the
American Mathematical Society,” 108, no. 2, 1963, 275-292 .
[5] P. Banerjee, A. Laddha and P. Raman, “Stokes polytopes: the positive geometry for φ4
interactions,” JHEP 1908 (2019) 067, doi:10.1007/JHEP08(2019)067 arXiv:1811.05904
[hep-th] .
35
[6] P. Raman, “The positive geometry for φp interactions,” JHEP 1910, 271 (2019)
doi:10.1007/JHEP10(2019)271 arXiv:1906.02985 [hep-th] .
[7] P. B. Aneesh, M. Jagadale and N. Kalyanapuram, “Accordiohedra as positive ge-
ometries for generic scalar field theories,” Phys. Rev. D 100, no.10, 106013 (2019)
doi:10.1103/PhysRevD.100.106013 [arXiv:1906.12148 [hep-th]].
[8] N. Early, “Generalized Permutohedra, Scattering Amplitudes, and a Cubic Three-Fold,”
[arXiv:1709.03686 [math.CO]].
[9] G. Salvatori, “1-loop Amplitudes from the Halohedron,” JHEP 12, 074 (2019)
doi:10.1007/JHEP12(2019)074 [arXiv:1806.01842 [hep-th]].
[10] Fomin, S., Zelevinsky, A. 2003. Cluster algebras II: Finite type classification. Inventiones
Mathematicae 154, 63121.
[11] Fomin, S., Shapiro, M., Thurston, D. 2006. Cluster algebras and triangulated surfaces.
Part I: Cluster complexes. [arXiv:math/0608367v3 [math.RA]]
[12] P. B. Aneesh, P. Banerjee, M. Jagadale, R. Rajan, A. Laddha and S. Mahato, “On
positive geometries of quartic interactions: Stokes polytopes, lower forms on associ-
ahedra and world-sheet forms,” JHEP 04, 149 (2020) doi:10.1007/JHEP04(2020)149
[arXiv:1911.06008 [hep-th]].
[13] A. Padrol, Y. Palu, V. Pilaud and P-G. Plamondon, “Associahedra for finite cluster type
algebra and minimal relations between g-vectors,” arXiv:1906.06861 [math.RT] .
[14] Y. Palu, V. Pilaud and P-G. Plamondon, “Non-kissing and non-crossing complexes for
locally gentle algebras,” arXiv:1807.04730 .
[15] V. Bazier-Matte, G. Douville, K. Mousavand, H. Thomas and E. Yildirim, “ABHY
Associahedra and Newton polytopes of F-polynomials for finite type cluster algebras,”
arXiv:1808.09986 [math.RT] .
[16] F. Chapoton, “Stokes posets and serpent nest,” Discrete Mathematics & Theoretical Com-
puter Science, 18(3), 2016, arXiv:1505.05990 [math.RT] .
[17] T. Manneville and V. Pilaud, “Geometric realizations of the accordion complex of a dis-
section,” Discrete & Computational Geometry, 61(3) 507-540, 2019, arXiv:1703.09953 .
[18] Y. Baryshnikov, “On Stokes sets,” New developments in singularity theory, 21, 2001,
65-86 .
[19] Y. Palu, V. Pilaud and P-G. Plamondon, “Non-kissing versus non-crossing,” Sminaire
Lotharingien de Combinatoire 82B (2019)
36
[20] R. Kojima, “Weights and recursion relations for φp tree amplitudes from the positive
geometry,” [arXiv:2005.11006 [hep-th]].
[21] I. Srivastava, “Constraining the weights of Stokes Polytopes using BCFW recursions for
φ4,” [arXiv:2005.12886 [hep-th]].
[22] B. Feng, J. Wang, Y. Wang and Z. Zhang, “BCFW Recursion Relation with
Nonzero Boundary Contribution,” JHEP 01, 019 (2010) doi:10.1007/JHEP01(2010)019
[arXiv:0911.0301 [hep-th]].
[23] Q. Yang, “Triangulations for ABHY Polytopes and Recursions for Tree and Loop Ampli-
tudes,” [arXiv:1912.09163 [hep-th]].
[24] N. Arkani-Hamed and J. Trnka, “The Amplituhedron,” JHEP 1410, 030 (2014)
doi:10.1007/JHEP10(2014)030 arXiv:1312.2007 [hep-th] .
[25] N. Arkani-Hamed and J. Trnka, “Into the Amplituhedron,” JHEP 1412, 182 (2014)
doi:10.1007/JHEP12(2014)182 arXiv:1312.7878 [hep-th] .
[26] S. Franco, D. Galloni, A. Mariotti and J. Trnka, “Anatomy of the Amplituhedron,” JHEP
1503, 128 (2015) doi:10.1007/JHEP03(2015)128 arXiv:1408.3410 [hep-th] .
[27] N. Arkani-Hamed, C. Langer, A. Yelleshpur Srikant and J. Trnka, “Deep Into the Ampli-
tuhedron: Amplitude Singularities at All Loops and Legs,” Phys. Rev. Lett. 122, no. 5,
051601 (2019) doi:10.1103/PhysRevLett.122.051601 arXiv:1810.08208 [hep-th] .
[28] N. Arkani-Hamed, H. Thomas and J. Trnka, “Unwinding the Amplituhedron in Binary,”
JHEP 1801, 016 (2018) doi:10.1007/JHEP01(2018)016 arXiv:1704.05069 [hep-th] .
[29] B. Feng and C. Hu, “One-loop CHY-Integrand of Bi-adjoint Scalar Theory,” JHEP 02,
187 (2020) doi:10.1007/JHEP02(2020)187 [arXiv:1912.12960 [hep-th]].
37
